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Abstract
Inelastic deformation of a high-strength martensitic steel (P91) is investigated using a strain
gradient crystal plasticity model implemented using the finite element method. Voronoi tes-
sellation is used to model the hierarchical structure, prior austenite grain (PAG)/packet/block,
of the martensitic steel and the effect of PAG/packet/block size on the macro- and micro-
scale mechanical response is analysed numerically. The role of lath interaction and the
influence of dislocation type (statistically stored and geometrically necessary dislocations)
are investigated. It is found that block size determines the overall mechanical response,
consistent with the Hall-Petch relation, while packet and block diameters influence the mi-
croplastic strain distribution. A modified Hall-Petch relation is examined which provides a
relationship between material flow strength and block diameter (size) which holds for a wide
range of initial dislocation densities and block diameters.
Keywords: Martensite; Crystal plasticity; Voronoi tessellation; Microstructure; Finite
element analysis; Strain gradient plasticity; Size effects; Hall-Petch.
1. Introduction
Martensitic steels, such as ASME Grade 91 (9Cr-1Mo-0.2V-0.05Nb), are widely used in
current power generation plant due to their high creep strength and excellent corrosion and
oxidation resistance [1]. Grade 91 martensitic steel is characterized by a body centred cubic
(BCC) structure [2], obtained by quenching from face centred cubic (FCC) austenite. The
transformation process from the prior austenite grain (PAG) leads to a hierarchical struc-
ture, with packets, forming on specific habit planes, sub-divided into blocks, separated by
high angle boundaries. Low angle boundaries within each block separate the martensitic
laths [3]. Strength and toughness depend strongly on grain size for a large variety of metals
and alloys [4, 5, 6] and for martensitic steel, it is reported to be strongly related to packet
and block size [3, 7]. The PAG size can be up to hundreds of micrometers with increasing
austenitizing temperature [8] and refinement of austenite grain size down to 2 µm can be
achieved through reverse transformation using thermomechanical processes such as temper-
ing and cold rolling [9, 10]. Under identical heat treatments, packet and block sizes have
been found to be proportional to the PAG size [9, 10]. Moreover, packet and block sizes
can be changed through a combination of heat treatment such as quenching, tempering,
annealing or changing cooling rate [11, 12]. In some high-nickel maraging steels [9] a packet
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may contain only one block, while the addition of Mn has been found to enhance block
nucleation, resulting in a reduced block size [13].
Crystal plasticity models combined with finite element (FE) analysis have been widely
used to investigate the plastic deformation of crystalline materials, through a representative
volume element (RVE) approach, taking account of microstructure [14, 15, 16, 17, 18, 19, 20].
The polycrystal morphology, obtained through electron backscatter diffraction (EBSD),
may be directly incorporated into the representative volume element (RVE). This approach
can capture the experimentally observed active slip systems, fatigue crack nucleation and
growth in polycrystalline materials [21, 18, 16, 15, 22, 17] and can also predict lattice ro-
tations and evolution of dislocation density that are consistent with experimental measure-
ments [18, 23, 24]. As an alternative to the use of a ‘measured’ microstructure, represen-
tative microstructures can be constructed using, for example, the Voronoi tessellation (VT)
approach [14, 25] with orientations assigned to material points using a distribution function
consistent with the overall material texture. The advantage of such a constructed microstruc-
ture is that it provides a means to evaluate systematically the influence of microstructural
parameters, such as PAG or block size on the material response. A multi-scale approach
using the VT method was used to predict the behaviour of a martensitic tool steel [26]. The
VT model developed by the authors in [16] and subsequently employed in [27] to investigate
damage initiation in a P91 weld is an extension of the standard VT approach. Polygo-
nal PAGs are generated by VT and further sub-divided into packets and blocks, following
the approach adopted in [28, 29], with material orientations assigned in accordance with
the Kurdjumow-Sachs (K-S) relation [30], which describes the transformation relationship
between FCC austenite and BCC martensite. Martensitic or dual phase ferrite-martensite
steels have also been investigated using a VT-based approach [28, 29]. They found that strain
hardening is influenced significantly by block or packet boundaries. Hatem and Zikry [31]
used a dislocation-density based FE model to study strain localization [32] in martensitic
steel with a small number of PAGs and indicated that block morphology and orientations
strongly influence dislocation density accumulation and inelastic strain localization. Shan-
thraj et al. [33] developed a similar integrated framework accounting for dislocation evolution
to investigate failure of martensitic steel and found dislocations on block boundaries result
in stress and strain localization, which dominates failure initiation and growth.
In previous modelling work on martensitic steels, a single population of dislocations has
been considered. Therefore, the independent evolution of statistically stored dislocations
(SSD) and geometrically necessary dislocations (GND) has not been taken into account.
Thus, such models cannot explicitly incorporate the effect of material length scale, such
as PAG or block size, on the mechanical response. In the current work, a strain gradient
crystal plasticity model is used, with separate evolution laws for SSD and GND densities.
A systematic study of the influence of microstructural length scales (PAG/packet/block
diameter) on the global and local mechanical response is carried out. The dependence of
yield and flow strength on grain diameter is determined and compared with the traditional
Hall-Petch relation and with a modified version of the Hall-Petch relation. In this work,
following the approach in [15, 34, 35, 36], the strain gradient is related to the evolution of
internal variables on the slip systems rather than adopting a couple stress theory based strain
gradient plasticity [37] by Fleck and Hutchinson or a similar high order stress approach [38]
by Gao et al.
The paper is laid out as follows: in Sec. 2, the microstructure of the martensitic steel P91
is discussed and key microstructural length scales are identified. In Sec. 3, the FE implemen-
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tation of the strain gradient crystal plasticity model is reviewed. In Sec. 4, the model results,
including comparison with experimental data, are described. In Sec. 5, the Hall-Petch rela-
tion is presented and the relationship between block diameter and flow strength is examined
for a wide range of dislocation density and block diameters. In Sec. 6, the summary and











Figure 1: (a) SEM image of P91 steel: orange lines are PAG boundaries, blue lines are packet boundaries,
red lines are block boundaries. Inset is the enlarged region of a typical PAG microstructure. (b) Schematic
of a P91 martensitic hierarchical PAG/packet/block/lath microstructure. Boundaries have the same colour
as those in (a). Lath boundaries are not shown in (a).
The microstructure of the P91 steel is illustrated in Fig. 1. We note that the mate-
rial analysed here is an ex-service martensitic material which has had a service period of
approximately 63,000 hours at temperatures up to 550 ◦C. To obtain the SEM image in
Fig. 1(a) the surface of the sample was etched using Vilella’s reagent (1 g Picric acid, 5 ml
HCL, 100 ml Ethanol) for 50 seconds to reveal the PAG boundaries [39]. The orange lines
in Fig. 1(a) outline the PAG boundaries, while blue and red lines are packet and block
boundaries, respectively. The block/packet boundaries are identified through EBSD maps
of material orientation rather than from the etched SEM image. In previous work, we have
confirmed that the orientation of P91 follows the K-S relationship [16], but we note that the
twenty-four block variants predicted from the K-S analysis do not necessarily appear within
one PAG. The number of blocks within one packet is not a fixed value and in some packets
only one block appears as shown in the inset of Fig. 1(a) which have packets, indicated
by the blue lines, with no internal block boundaries. Following the ASTM procedure [40],
where average grain diameter is defined to be the square root of the mean grain area, the
PAG diameter is 18 ± 4 µm. Thus is consistent with previous values given for 9Cr steels
with grain size ranging from 20 µm to 100 µm, depending on the heat treatment and ser-
vice history [41, 42]. Figure 1(b) illustrates an idealized martensitic microstructure within a
PAG. The PAG is divided into three packets with polygonal shapes and packets are further
divided into strip-like blocks with the same width. This idealised microstructure is used as
the basis for the VT model of the microstructure which is discussed in Sec 4. In Fig. 1(b)
groups of laths are indicated within a block. The lath boundaries within a block are low
angle boundaries (< 10◦) and are difficult to distinguish in an SEM/EBSD map and are thus
not shown in Fig. 1(a).
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3. Strain gradient crystal plasticity based constitutive model
The mechanical response of metallic crystal materials at the microscale is predicted using
a rate dependent, finite deformation, crystal plasticity formulation. The dislocation-based
strain gradient crystal plasticity model originally developed by Busso [35, 36] has previously
been used in the study of austenitic and lath martensitic steels [43, 17]. The deformation
gradient F is decomposed into Fe and Fp[44] in Eq.1,
F = Fe · Fp, (1)
where Fe represents elastic deformation and Fp is the deformation gradient due to plastic
deformation. The rate of plastic deformation, Ḟp is obtained from





where γ̇α is the shear rate on slip system α, mα is the unit vector in the slip direction and
nα is the unit normal vector on slip plane α of the undeformed lattice. Batista et al. [45]
showed that the majority of slip in P91 occurs on the {110} family of planes, consistent
with a lower value of Peierls stress [46, 47], though secondary slip on {112} planes has also
been observed in BCC under constrained loading conditions [48, 49]. In the current work, we
assume that slip only occurs on the twelve principal slip systems {110}<111>. The influence
of secondary slip systems is being examined in a separate paper [50].
The flow rule relating slip rate on active slip systems to the resolved shear stress, follows
that of Busso et al. [51]:
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, (3)
where τα, τ̂ and Sα are the resolved shear stress, the threshold stress for dislocation motion
without the assistance of thermal activation and the slip resistance (or forest resistance),
respectively; T and k are the absolute temperature and the Boltzmann constant, respec-
tively. The material constants in Eq. 3 are: γ̇0, q1 and q2, the pre-exponential constant and
exponents, respectively and F0, the Helmholtz free energy required to overcome the lattice














where ραS and ρ
α
G are the SSD and GND density, respectively, on slip system α, with total
number of slip systems, N . The interaction matrix, hαβ in Eq. 4, describes the hardening
interaction between different slip systems, (e.g. [15]) and we can write:
hαβ = [w1 + (1 − w2)δαβ ]h, (5)
where w1 and w2 are interaction constants, δαβ is the Kronecker delta and h is a material
constant. In our work, as in [15], we have assumed that in P91, slip systems interact equally,
w1 = w2 = 1 (Taylor hardening). Therefore the interaction matrix hαβ is an N ×N matrix
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with all terms equal. The matrix hαβ may then be replaced by a scalar value, h0 =
√
h and











G), α ∈ (1, ..., N) (6)
where µ is the shear modulus, b is the magnitude of the Burgers vector and h0 is a coefficient
indicating the strength of dislocation pair interactions.
The threshold stress, τ̂ , in Eq. 3 is also a function of SSD and GND densities, follow-
ing [15]:











where τ0 is the threshold stress without taking into account dislocation interactions, also
called the alloy friction [52], which consists of the lattice friction (Peierls stress) and an
additional contribution from the solid solution hardening [52]. As for hαβ in Eq. 4, in the
general case, c0 in Eq. 7 is a matrix of constants accounting for the interaction between slip
systems [52, 53]. Since no information is currently available quantifying this interaction for
P91, in this work we take c0 as a scalar value, which is the same for all slip systems, α.



















































where Ke is the coefficient of dislocation generation, de and ds are coefficients relating to the
annihilation of edge and screw dislocations, respectively, [17, 54]. The GND density, ραG, is
composed of three contributions:
ραG =| ραGsm | + | ραGet | + | ραGen |, (11)
where ραGsm is the screw component in the slip system direction, m
α, ραGen and ρ
α
Get are the
edge components parallel to the slip system normal nα and to the direction tα = mα × nα,








The term on the right hand side of Eq. 12 involves the gradient of the inelastic strain, and
does not appear in the standard length-scale independent formulations commonly used in
crystal plasticity models. It may be seen that in Eq. 12 there is a direct relationship between
the rate of change of GND density and inelastic strain gradient. In order to calculate this
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strain gradient term, a user element subroutine (UEL) is implemented in the FE code of the
commercial software package, Abaqus [55]. Further details can be found in [35, 15].
The material model is formulated in terms of the slip rate on slip system α. The accu-
mulated equivalent plastic strain, εeq is used to represent the average local plastic strain on


















γ̇(α)[Fe ·mαnα · (Fe)−1 + (Fe)−T · nαmα · (Fe)T]. (14)
4. Finite element analysis
4.1. Representative volume element models used in finite element analysis
Two types of representative volume element (RVE) are examined in the current analysis.
One type of RVE model, generated based on the measured crystallographic orientation, is
referred to as the EBSD model, with dimensions 100× 100 µm2, as shown in Fig. 2(a). The
spatial resolution of the FE mesh is given by the pixel width of the EBSD scan, which in this
case is 0.4 µm. In Fig. 2(a), the white lines represent PAG boundaries which are determined
from the EBSD scan through the K-S relation [16]; block boundaries, defined as boundaries
with misorientation > 10◦, are plotted as black lines in the figure. Packet boundaries are not
explicitly identified in the figure but can also be identified through use of the K-S relation,





Figure 2: (a) EBSD map for P91. (b) Inverse pole figure of one P91 block indicated by the arrow; white
circle represent the mean orientation of the block. (c) Generated VT model. White and black lines represent
PAG and packet/block boundaries, receptively.
The average block diameter from Fig. 2(a), following the ASTM procedure, d ∼ 2.5 µm
and the packet diameter p ∼ 2.7 µm. The variations in orientation within a selected block in
Fig. 2(a), indicated by the blue points on the inverse pole figure in Fig. 2(b) are the low angle
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misorientations between laths. In order to determine whether lath misorientation within a
block affects the global or local mechanical response, the mean orientation of each block is
determined [56], shown as the white circle in Fig. 2(b) for the selected block.
The second type of RVE is based on the extended Voronoi tessellation approach [16],
which is here referred to as VT model. The centres (or seeds) of the Voronoi cells are
uniformly distributed throughout the RVE. Using these seeds, equiaxed PAGs are generated
using the centroidal VT method [16, 57, 58], with a random orientation distribution. The
PAGs are then sub-divided into packets with polygonal shapes and the packet is further
divided into strip-like blocks of equal width. The orientations of the blocks within the PAG
follow the K-S relation. In the K-S relation, there are four possible packets and within each
packet there are six possible blocks. Each packet forms with an equal probability, so the
packet number is randomly chosen from the four. Similarly each block is randomly chosen
from the six possible blocks. Figure 2(c) shows a typical VT model with 50 PAGs and
dimensions 120 × 120 µm2; the mean block and packet diameter are 2.25 µm and 4.5 µm,
respectively. It has been shown in [16] that 50 PAGs in the VT model are sufficient to
provide a result independent of PAG number. We have found that fewer PAGs are needed
when there are more substructures (packets, blocks) within the PAG, but for consistency all
the VT models analysed here have PAG number ≥ 50.
In this work, the RVE geometry is two dimensional with one element in the out-of-plane
direction and a periodic boundary condition. Thus grains are assumed to be columnar in
the out-of-plane direction. This method has proved effective in modelling the mechanical
response of this material [58] under in-plane loading and similar results have been obtained,
comparing the 2D columnar representation with full 3D simulations [43]. To represent uni-
axial tension loading a displacement is applied on the top left corner of the RVE and periodic
boundary conditions applied to all other boundaries. The detailed boundary conditions to
achieve uniaxial tensile load can be found in [16] [59]. The FE model uses 8-node 3D elements
and full integration with bilinear interpolation of displacement.
4.2. Mesh sensitivity analysis
In the FE model implemented from the EBSD map, the mesh size is the same as the
pixel size (0.4 µm). Thus each measured orientation point in the EBSD map is represented
by a single element, giving a total of 6.25× 104 elements. As the FE results may depend on
mesh refinement, a mesh sensitivity study is conducted using the VT model. The number
of elements ranges from about 1.5 × 104 to 10 × 104 with average element size ranging from
1.0 µm to 0.38 µm, respectively. The stress difference (relative to the finest mesh 10 × 104)
obtained from increasing the mesh refinement is presented in Table 1 in terms of the average
(macroscopic) stress at an applied strain of εeng = 5%, designated σRVE in Table 1 and in
terms of the maximum normal stress (σ22) within a block, designated σ
max
b in Table 1. The
difference in average (macroscopic) stress decreases from 0.6% to 0.2% when the mesh size
is increased from 1.5 × 104 to 10 × 104 elements, while the maximum stress within a block
σmaxb decreases from 14% to 4%. Based on this convergence study, the 60,000-element mesh
with average element size ∼ 0.5 µm is used in the subsequent finite element VT analysis,
which is comparable to that used in the EBSD model.
4.3. Model Calibration
Figure 3 shows the true tensile stress strain data and simulation predictions for P91
at room temperature (RT) with strain rate ε̇ = 0.025% s−1. The circles represent the
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Table 1: Mesh sensitivity study in the VT model; relative stress difference is calculated at εeng = 5%. The
percentage error in relative to the mesh with 10× 104 elements.
Number of elements 1.5 × 104 3 × 104 6 × 104 10 × 104
Stress error
σRVE (%) 0.6 0.5 0.2 −
σmaxb (%) 14 7 4 −
experimental data and the materials parameters listed in Table 2 are calibrated to match
the experimental data. The same material parameters from Table 2 have been used for all
models. In total there are 17 material parameters in Table 2. The three elastic constants
are based on the data for pure iron [60], adjusted to match the experimental stress-strain
curve in the linear region for this alloy. The Burgers vector, b, is a measurable quantity for
the material, as is initial dislocation density, ρ0. As discussed in Sec. 3, the parameters w1
and w2 are taken to be 1, to follow a Taylor hardening rule. The values of de and ds are
the respective critical distances for spontaneous annihilation of opposite sign edge and screw
dislocations [61]. The remaining 9 flow parameters are calibrated from tensile tests at high
temperature 600 ◦C [17] for a number of strain rates, guided by some physical reasoning,
e.g. values for τ0 and F0.
The simulation results shows good agreement over the full range of loading for both
models with PAG diameter D = 18 µm. We note that the material is ex-service P91.
There are expected to be some differences between ex-service and as-received material. In
particular dislocation densities are expected to be higher in as-received material (dislocation
annihilation is expected to take place at the operating temperature). We note that our ex-
service material has been taken from areas of the plant that were not subjected to extreme
conditions and there is no evidence of cracking or damage in the material.
As the VT model assumes a single orientation within each block (consistent with the K-S
relation), it is of interest to consider the effects of lath misorientation within a block on the
response. This is examined by following the approach discussed in Sec. 4.1 and illustrated
in Fig. 2(b) whereby within a block all material elements are assigned the mean orientation
determined from the EBSD scan for that block. This result is also shown in Fig. 3, labelled
as EBSD model without laths. It may be noted that the effect of lath misorientation on the
global response is negligible. The difference in stress at εeng = 5% is only 1.4%.
Figure 4 shows the evolution of GND density, ρg, as a fraction of the total dislocation
density, ρt. An error bar is included for the results of the VT model (short-dash line), which
is calculated from four different random distributions for the PAG orientations. It is seen
that the GND density is about 80% of the total dislocation density at εeng = 5%. The
interaction between laths in the EBSD model does not affect the evolution of GND density
fraction, comparing the ‘with lath’ and ‘without lath’ predictions in Fig. 4. As seen in Fig. 4,
the GND density fraction is about 6% higher in the VT model than the EBSD model, which
is believed to be due to small differences in the orientation and morphology distributions of
the two models which are not precisely matched (see Fig. 2).
Figure 5 examines the GND density distribution in the RVEs at εeng = 5%. Figure 5(a) is
for the EBSD model. The peak GND density values are mainly associated with PAG, packet
or block boundaries, since the strain gradients are higher in these regions. The square region
in Fig. 5(a) is shown enlarged in Fig. 5(b). There are some high GND density values within
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Figure 3: True stress-strain curves compared with experimental data at room temperature (RT) and strain
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Figure 4: The evolution of GND density fraction ρg/ρt as a function of plastic strain.
within the block. To examine this effect, Fig. 5(c) shows the GND density distribution,
for the EBSD model without laths (i.e. each block is assigned a single orientation). Some
dislocation peaks within the blocks disappear (compare region 1 in Fig. 5b and c). However,
some high GND density regions remain within a block (compare the region 2 in Fig. 5b and c),
indicating that high GND density may appear within a block, due to the incompatibility of
plastic deformation of neighbouring blocks. Figure 5(d) shows the GND density distribution
in the VT model. Regions labelled 1, 2, 3, 4 represent high values of GND density on PAG,
packet and block boundaries and within a block, respectively. Again the high values of GND
density are mainly associated with PAG, packet or block boundaries, though some high
values are observed within blocks. It may also be noted that not all boundaries in Fig. 5
are associated with high GND density as the value will depend on the change in orientation
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Table 2: Values of Material parameters calibrated in the analysis
Elastic Constants & Parameters in flow rules Hardening Parameters
C11 (GPa) 178.5 b (nm) 0.248
C12 (GPa) 103.9 h0 (-) 0.084
C44 (GPa) 139.0 Ke (-) 35000
γ̇0 (s
−1) 106 w1 (-) 1.0
F0 (×10−18J) 0.43 w2 (-) 1.0
q1 (-) 0.5 ds (-) 25
q2 (-) 1.25 de (-) 5
τ0 (MPa) 340
c0 (×10−4) 0.87















10 μm 10 μm
Figure 5: (a) The GND density for the EBSD model with laths microstructure at εeng = 5%; white lines
represent the PAG boundaries and black lines represent boundaries with misorientation larger than 10◦. (b)
The enlarged figure of the square region enclosed by orange dashed line shown in (a). (c) The enlarged
figure of the EBSD model without laths microstructure in the same square region as marked in (a). (d) An
enlarged view of the GND density distribution in the VT model; white lines represent the PAG boundaries,
while thick and thin black lines represent packet and block boundaries, respectively.
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across these boundaries and not all boundaries are high angle boundaries.





















































Figure 6: (a) True stress strain curves and (b) evolution of total dislocation for different combinations of
initial dislocation density.
The initial P91 dislocation density depends strongly on the heat treatment and thermo-
mechanical processing [62] with values ranging from 1012 to 1014 m−2 for different thermal
processing conditions. The material being examined here is an ex-service steel, which has
experienced high temperature up to 550 ◦C for 63,000 hrs. The initial dislocation density of
P91 decreases from 2 × 1014 m−2 to 1 × 1014m−2 between exposure times of 10,000 hrs and
20,000 hrs at 600 ◦C with dislocation density approaching a constant value as the exposure
time increases [63]. To our knowledge, there is not a precise relation between dislocation
density and exposure time. Thus, the initial dislocation density of the ex-service P91 steel
examined here has been assumed to be 6 × 1012 m−2, consistent with values for P91 heat
treated at 750 ◦C for 100 hours [62] and this is the value used in Figs. 3 to 5. The total
initial dislocation density (ρt0) is composed of the initial GND density (ρg0) and initial SSD
density (ρs0), i.e. ρt0 = ρg0 + ρs0.
In Figs. 3 to 5, all initial dislocations were assumed to be SSDs, ρ0 = ρs0. Figure 6(a)
shows the stress-strain curve for different combinations of initial dislocation denities. It may
be seen that the yield strength increases with increasing initial dislocation density following,
Eq. 7, which is consistent with the data of Aoyagi [64]. It may also be seen that provided
the total initial dislocation density, ρ0, is fixed, the initial dislocation type does not affect
the global mechanical response significantly. This is also illustrated in Fig. 6(b), where it
is seen that the evolution of total dislocation density is similar for different combinations of
initial dislocation type.
4.5. Effect of microstructural length scale on the tensile response
Figure 7 illustrates the effect of the microstructural length scale on the stress-strain
response determined from the EBSD model. In the figure, D is the PAG diameter and all
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microstructural lengths are scaled in the same ratio, i.e. PAG, packet and block diameters
in Fig. 7 are all scaled by the same factor, ranging from 0.1 to 10. The same material
parameters from Table 2 are used in each case. A strong effect of microstructural length
scale is observed in the analysis, the flow stress (stress at a particular level of plastic strain)
increases significantly with decreasing PAG diameter, D. For D values above 180 µm, a size
independent result is achieved (though not shown, the predicted response for D = 1800 µm
is almost identical to that for D = 180 µm). A standard FE analysis, not accounting for
GNDs, such as that presented in [16], would predict no dependence on the PAG diameter for
this condition. It may be noted in Fig. 7 that the change in PAG diameter, has negligible
effect on the macroscopic yield point (the stress at which the macroscopic material response
becomes non-linear) but has a strong influence on strain hardening. This is consistent with
the model discussed in Sec. 3 where the effect of strain gradient is incorporated into the
strain hardening model, rather than the initial value of critical resolved shear stress, which
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Figure 7: True stress strain curves for different sized PAG/packet/block in the EBSD model.
been assumed to be independent of grain size, ρ0 = 6 × 1012 m−2 in all cases. This may
be physically unrealistic, since an increase in grain size would be expected to be associated
with an increased annealing temperature and time and an associated reduction in dislocation
density. The result in Fig. 7 demonstrates the effect of grain size alone on stress-strain
response rather than the combined effect of grain size and dislocation density (dislocation
density effects have been examined in Sec. 4.4). In principle, by linking the initial dislocation
density to the grain size, the model has the potential to capture an increased yield strength
but decreased strain hardening rate, for an appropriate combination of grain size and initial
dislocation density, as observed experimentally in, e.g., [65] for bainitic steel.
Distributions of accumulated equivalent plastic strain, εeq for a total strain εeng = 5%
for the different PAG diameters are shown in Fig. 8. The total macroscopic plastic strain
values εp = εeng−εe for D = 1.8, 18 and 180 µm are 4.4%, 4.6% and 4.7%, respectively. The
strain patterns are similar in each case, but note that the length scales are very different. In
elastic-plastic materials under monotonic or cyclic loading, failure is often associated with
localisation of strain in shear bands [66, 67]. Here, a shear band is defined as a region of
12
(a) (b) (c)
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Figure 8: Accumulated equivalent plastic strain distributions at εeng = 5% for the PAG with diameters (a)
D = 1.8 µm, (b) D = 18 µm and (c) D = 180 µm. The black lines indicate the shear band width.
continuous accumulated equivalent plastic strain greater than 8%, as shown by the black
lines in Fig. 8. It may be noted that for the case of cyclic loading of P91, the shear bands
form at an angle of ∼ 45◦ with respect to the loading direction, [45], consistent with the
orientations predicted here. The shear band widths for D = 1.8, 18 and 180 µm are approx.
0.4, 4.9 and 50.5 µm, respectively, so approximately scale with PAG diameter. The high
strain gradient for D = 1.8 µm somewhat suppresses the formation of the shear band as
shown in Fig. 8(a), but note also that the overall plastic strain is slightly lower in this case.
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Figure 9: (a) Evolution of total dislocation density ρt, GND density ρg and (b) fraction of GND density
ρg/ρt as a function of plastic strain. (c) Histogram of total dislocation density for different PAG diameters
at εeng = 5%.
Figure 9 examines the effect of PAG diameter on the dislocation density evolution. Fig-
ure 9(a) shows that total dislocation density (ρt) and GND density (ρg) increase almost
linearly with plastic strain for all values of D. (This linear relation is consistent with ex-
perimental data for copper and iron [68, 69].) As expected, the total dislocation density is
highest for the small PAG diameter D = 1.8 µm since the plastic strain gradient is highest
in this case, for the same overall plastic strain. As noted previously, strain hardening of the
material is dominated by the evolution of GNDs for D = 18 µm (see Fig. 4). For the smaller
PAG diameter, D = 1.8 µm, the GND density reaches about 90% of the total dislocation
density at εeng ≈ 0.2% as shown in Fig. 9(b), while for D = 180 µm, the dislocation popu-
lation is almost equally divided between SSDs and GNDs. The total dislocation density for
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D = 18 µm is about an order of magnitude higher than that for D = 180 µm as shown in
Fig. 9(c). In this figure, the distribution of the total dislocation density is plotted over the
RVE and a log scale is used on the x-axis to allow direct comparison.
4.6. The individual effect of PAG/packet/block size on mechanical response
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Figure 10: Dependence of stress strain response on microstructural dimensions (a) PAG size (b) packet size
and (c) block size, while the other two sizes are held constant.
In Sec. 4.5, a strong size dependent behaviour is observed in the predicted response.
However, it is difficult to identify the contribution from PAG, packet or block diameter,
as these three values are scaled by the same factor in the analysis. The use of the VT
model allows the diameter of PAG, packet and block to be controlled separately to study
the individual contributions.
Figure 10(a) shows the stress-strain curves for different PAG diameters, ranging from
2.25 µm to 18 µm, while the average packet and block diameters are kept constant, p =
2.25 µm and d = 2.25 µm. Note that this is almost an order of magnitude increase in
PAG diameter, which led to a significant strength enhancement in the EBSD model (see
Fig. 7). However, in this case, when packet and block diameters are held constant, it is
seen that there is no significant strengthening effect when PAG diameter is reduced. This is
explained as follows: when the PAG diameter is increased while packet and block diameters
are held fixed, this is equivalent to replacing a PAG boundary with a high angle packet or
block boundary. In this case, there is no enhancement in the strain gradient and additional
generation of GNDs and thus no increase in strain hardening. A similar trend is seen in
Fig. 10(b), where only the packet diameter is changed. In this case, when packet diameter
is increased and block diameter held constant, the result at the microstrucural level is to
replace a packet boundary with a block boundary. As discussed later, there is also a change
in morphology, as the packet and block shape are not the same in the VT model, as shown
in the schematic of Fig. 1(b), but this does not impact significantly on the global mechanical
response of the material. Figure 10(c) shows the response when the block diameter d is
varied. This follows the expected trend that as block size is decreased the strain hardening
is enhanced, due to the generation of additional GNDs to accommodate the increased strain
gradient. The overall conclusion is that the properties at the lowest level (here the martensite
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Figure 11: Accumulated equivalent plastic strain distribution for different PAG/packet/block diameters.
(a)–(c), constant p = d = 2.25 µm (a) D = 2.25 µm, (b) D = 9 µm, (c) D = 18 µm; (c)–(e), constant
D = 18 µm, d = 2.25 µm, (d) p = 9 µm, (e) p = 18 µm; (e)–(g), constant D = 18 µm, p = 18 µm, (f)
d = 9 µm and (g) d = 18 µm; (h) D = p = d = 9 µm. White, thick black and thin black lines represent
PAG, packet and block boundaries, respectively. Block boundaries are not plotted in (e) for clarity.
4.6.1. Effect of PAG/packet/block size at the local level
Figure 11 shows a comprehensive comparison of accumulated equivalent plastic strain
distributions for different PAG/packet/block diameters using the VT model. In each case,
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the RVE size is maintained as 120× 120 µm2 and the same element size is used throughout.
This means that for PAG sizes, D ≤ 9 µm more than 50 PAGs have been used in the RVE,
200 and 3200 PAGs for D = 9 and 2.25 µm, respectively. (We have found that for these
cases, almost identical results are produced for an RVE containing 50 PAGs.)
The distributions in Fig. 11(a)–(c), corresponds to the result shown in Fig. 10(a), where
D increases with constant p and d. (In this case, packet and block boundaries are coincident,
because their diameters are identical, p = d = 2.25 µm). For these cases the plastic strain
patterns are similar, since, as discussed, the effect of increasing PAG diameter is similar to
swapping a PAG boundary for a packet/block boundary. As for the analysis in Sec. 4.5, the
shear band forms approximately at an angle of 45◦ with respect to the loading direction.
Furthermore, the shear band widths for these three cases are similar, ranging from 1.6 µm
to 1.8 µm. Changing packet diameter p while keeping D and d constant is examined in
Fig. 11(c)–(e) which corresponds to Fig. 10(b). This case is somewhat more complex at the
microscale, because it also involves a change of grain morphology (see Fig. 1b). As p increases
the shear band width decreases from 1.8 µm to 0.5 µm, which is comparable to the block
width as shown from Fig. 11(c) to (e). Also, as p increases the shear band formation, seems
to be more strongly related to the microstructural morphology and there is no evidence of
shear bands forming at 45◦. Figure 11(e)—(g) show the accumulated plastic strain for block
diameter d, ranging from 2.25 µm to 18 µm, corresponding to Fig. 10(c). In this cases when
the block size increases, the shear band width increases from 0.5 µm to 13.6 µm.
(a) (b)
5 μm 5 μm
Figure 12: Accumulated equivalent plastic strain distribution of one enlarged PAG with dimensions (a)
D = 18 µm, p = d = 2.25 µm and (b) D = 18 µm, d = 2.25 µm, p = 9 µm.
To examine more closely the effect of varying packet diameter at the micro-scale, Fig. 12
shows the accumulated equivalent plastic strain distribution for one enlarged PAG corre-
sponding to the cases examined in Fig. 11(c) and (d). In Fig. 12(a), packet diameter, p =
block diameter, d = 2.25 µm, the plastic strain penetrates a number of packet boundaries,
as shown by the circled regions. In Fig. 12(b), packet diameter p = 9 µm; block diame-
ter d = 2.25 µm, we have multiple strip-like blocks within each packet. In this case the
block boundary forms a barrier restricting plastic strain from penetrating the neighbouring
block. The reason for the difference in the behaviour of packet and block boundaries may
be explained by examining the K-S relation (e.g. [70, 16]). Following this relation, 60% of
block boundaries are expected to be high angle boundaries (≥ 55◦ misorientation), while
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only 22% of packet boundaries are expected to be high angle boundaries, allowing for a high
probability of plastic strain to penetrate a packet boundary compared to a block boundary.
This result is consistent with the experimental studies of [67] where it was found that packet
boundaries do not resist crack propagation while block boundaries can arrest crack propa-
gation. These results suggest that in most cases the shear band width will be controlled by
block size (note that in Fig. 8 PAG size and block size were simultaneously varied). As block
size decreases, the shear band width also decreases.
5. Hall-Petch relation: Influence of block diameter
The traditional Hall-Petch[71, 72] relationship between the yield strength σy and grain
size d, has the well known form:




where σ0 represents the frictional resistance to dislocation motion and K is a material con-
stant. This relationship has been applied to metallic materials of different crystal structures
(BCC, FCC and HCP) [73]. It has also been shown that the Hall-Petch relation holds for the
flow stress at any strain for low carbon ferritic steels [74] and this result can be motivated
by the mechanism of dislocation pile-up at grain boundaries [71]. In the Taylor hardening
model [75], the shear stress is proportional to the square root of the dislocation density.
Using the Taylor factor [76], the Taylor hardening model has the following formulation:
σ = σ0 + k
√
ρ. (16)
Experimental studies have shown that dislocation density increases linearly with plastic
strain for many metals [68, 69, 77]. Linear relationship has also been predicted by the current
analysis, see Fig. 9(a). In Conrad and Ashby’s hardening model [68, 78], the evolution of
total dislocation density is represented as,




where ρ0 is the initial dislocation density and A is a dimensionless material constant. A
modified Hall-Petch equation is obtained by combining Eq. 16 with Eq. 17 as follows:






Clearly, when ρ0 is much less than Aεp/bd, Eq. 18 reduces to the standard Hall-Petch rela-
tionship, Eq. 15 and K = k
√
Aεp/b.
Figure 13(a) shows the normalized flow stress from the RVE models as a function of
normalized block diameter for ρ0 = 6×1012 m−2 at plastic strains εp = 0.2% and εp = 4.4%.
This figure includes all the cases analysed here, using both the VT and EBSD models. To
compare with the Hall-Petch relation, Eq. 15, we obtain the yield stress from the model by
evaluating the macroscopic proof stress at 0.2% plastic strain, averaging over the RVE (e.g.
Figs. 7 and 10). As determined from Sec. 4.6, it is the block diameter that controls the
strain hardening response and therefore this is the value used for grain size, d, in the current
analysis. The normalizing yield stress, σ∞0.2% in Fig. 13(a), is the predicted σ0.2% yield stress
corresponding to the largest block diameter, d∞ = 225 µm.
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Figure 13: (a) Effect of normalized block diameter on the normalized stress at εp = 0.2% and at εp = 4.4%.
(b) The effect of block diameter on the normalized flow stress at εp = 4.4% for a large initial dislocation
density ρ0 = 6× 1014 m−2. For both figures, σ∞0.2% = 490 MPa, d∞ = 225 µm
The parameters in Eq. 18 are calibrated to fit the simulation data for εp = 0.2%, and the
values obtained are A = 4.4 and k = 12.0 Pa · m. Using the same values of k and A, Eq.18
also agrees with the predicted flow stress values at εp = 4.4%, as shown in Fig. 13(a). It may
be noted that for this value of ρ0 the dependence on block diameter follows the standard
Hall-Petch relationship, Eq. 15 with K = 37.1 MPa·µm1/2. Figure 13(b) illustrates the
result for a larger initial dislocation density, ρ0 = 6 × 1014 m−2. In this case when the block
diameter d is larger than about 4 µm, (d/d∞)
−1/2 < 7.5, the standard Hall-Petch relation
does not hold, but the modified relation continues to apply.
Based on 3D discrete dislocation density simulations, El-Awady [79] proposed a model












where α and β are material constants, M and µ are the Taylor factor [76] and shear modulus,
respectively. The model has been shown to agree with experimental data for nanocrystalline
Ni with grain size up to 20 µm and dislocation density ranging from 109 to 1014 m−2.
The predictions in Eqs. 18 and 19 are plotted in Fig. 14. The Taylor factor M in Eq.
19 is 2.9 for P91 [80]. The constants α and β were chosen to best fit the current simulations
such that α = 2.5×10−5 and β = 0.32. It may be seen from Fig. 14 that Eq. 19 is consistent
with the modified Hall-Petch model, Eq. 18, presented here. The term αMµ/d
√
ρ on the
right-hand side of Eq. 19 represents the weakest strength of dislocation sources in the El-
Awady model. When the grain size becomes large, ρ ≈ ρ0 (see Eq. 17 and Fig.9a) and this
term become αMµ/d
√
ρ0, which corresponds to the frictional resistance, σ0, in Eq. 18. The
second term on the right hand side of Eq. 19 relates to forest dislocation strengthening, and
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Figure 14: Comparison between predictions of El-Awady’s model and the current model with a high initial
dislocation density at plastic strain 4.4%.
6. Conclusions
A martensitic steel P91 has been analysed using a strain gradient crystal plasticity FE
model, using a representative volume element approach. Results have shown that:
• The model predicts that the effect of lath misorientation on the predicted tensile re-
sponse is negligible.
• The makeup of the initial dislocation population i.e. statistically stored disloca-
tion (SSD) and geometrically necessary dislocation (GND), does not affect the yield
strength and flow strength of material.
• The block diameter is the dominant microstructural length scale which controls the
size dependent behaviour of the yield strength (0.2% proof stress), the flow stress and
the shear band width.
• A modified Hall-Petch relation which depends on initial dislocation density holds for a
wide range of dislocation density and block diameters. The relation is also consistent
with a previously derived equation using 3D discrete dislocation density simulations.
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